
Math 601: Advanced Combinatorics I
Homework 1 - Due Aug 30

Recall that you must hand in a subset of the problems for which deleting any problem makes the total
score less than 15. The maximum possible score on this homework is 15 points. See the syllabus for details.

Problems

1. (5 points) Prove that all three definitions of representations of finite groups given in the lecture notes
are equivalent. Then, for the examples of the groups G and H from Examples 2.1 and 2.2 in the lecture
notes, express these representations as a vector space with an action, and as a module.

2. (2 points) Consider the representation of the group

B2 = {upper triangular matrices in GL2(C)}

given by its defining action on C2, that is, every matrix is represented by itself. Show that it has a
one-dimensional sub-representation, but that it does not decompose as a direct sum of irreducibles.

3. (3 points) Consider the representation of the group

Bn = {upper triangular matrices in GLn(C)}

given by its defining action on Cn. Describe all of its sub-representations.

4. (3 points) Consider the matrix representation of S3 as the symmetry group of the triangle with coordi-
nates (1, 0), (−1/2,

√
3/2), (−1/2,−

√
3/2) in the plane. Show that this is an irreducible 2-dimensional

representation, even over C.

5. (4 points) Consider the representation of S3 in which each permutation π ∈ S3 is sent to its corre-
sponding permutation matrix P , in which Pi,π(i) = 1 for all i, and all other entries are 0.

(a) Find a common eigenvector of all of the permutation matrices.

(b) Write the representation as a direct sum of irreducible representations.

6. Compute the dimension of each of the following Lie groups as a real manifold.

(a) (1 point) SLn(R)

(b) (1 point) SLn(C)

(c) (1 point) Sp2n(C)

(d) (1 point) SO2n+1(R)

(e) (1 point) Tn(C)

(f) (1 point) Bn(C).

7. (6 points) Let N be any open neighborhood of the identity element e in a connected Lie group G.
Show that N generates G as a group.
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